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Abstract

Mathematical models serve as the backbone of our understanding and control of dynamic systems and
stochastic signals. They provide a structured framework to describe, analyze, and predict the behavior of
these systems and signals. Despite their widespread application in fields such as control theory, signal
processing, and econometrics, a comprehensive understanding of these models and their
interrelationships remains a challenge. This research presents a comprehensive study of mathematical
models used to describe linear dynamic systems and stochastic signals. The paper first explores the
various models for linear dynamic systems, including Ordinary Differential Equations (ODEs), State-Space
Models, Transfer Function Models, and Discrete-Time Models. Each model's applicability, strengths, and
limitations in describing continuous-time and discrete-time systems are discussed in detail. The second
part of the paper delves into stochastic signals, focusing on Random Process Models, Markov Models,
Gaussian Process Models, Autoregressive Models (AR), Moving Average Models (MA), and combinations
of AR and MA models such as ARMA and ARIMA. The paper elucidates how these models capture the
inherent randomness in signals and their utility in predicting future states.The research aims to provide a
holistic understanding of these mathematical models, highlighting their significance in various fields.
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Introduction property simplifies the analysis and design
Linear dynamic systems are a fundamental of many real-world systems, such as
concept in control theory and signal electrical circuits, mechanical systems, and
processing. These systems are economic models [1].

characterized by the property of linearity,
which means that the output of the system
is directly proportional to its input. This
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A linear dynamic system can be represented
mathematically by a set of linear differential
equations. These equations describe the
relationship between the system's input,
output, and its internal state. The state of a
system at any given time is a summary of its
past behavior that is necessary to predict its
future behavior. For example, in a
mechanical system, the state variables
might be the positions and velocities of the
system's components.

The behavior of a linear dynamic system is
determined by its system matrix, which is a
mathematical representation of the
system's dynamics. The system matrix
contains information about the system's
poles and zeros, which are the roots of the
characteristic equation of the system. The
poles and zeros determine the stability and
transient response of the system.

Stability is a crucial property of a system. A
system is said to be stable if it returns to its
equilibrium state after a disturbance. In the
context of linear dynamic systems, stability
is determined by the location of the
system's poles in the complex plane. If all
the poles have negative real parts, the
system is stable.

The transient response of a system is its
behavior in response to a change from one
state to another. In linear dynamic systems,
the transient response is determined by the
system's poles and zeros. The closer the
poles and zeros are to the imaginary axis in
the complex plane, the slower the transient
response.

Linear dynamic systems can be analyzed in
the time domain or the frequency domain.
In the time domain, the system's input and
output are represented as functions of
time. In the frequency domain, the system's
input and output are represented as
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functions of frequency. The frequency
domain representation is often more
convenient for the analysis and design of
systems, especially in the context of control
theory and signal processing [2].

Linear dynamic systems can be represented
graphically using block diagrams. A block
diagram is a graphical representation of a
system, showing the system's components
and their interconnections. The
components of a system are represented by
blocks, and the interconnections are
represented by lines or arrows. The input
and output of the system are represented
by signals, which are functions of time.

Linear dynamic systems are a powerful tool
for modeling, analyzing, and controlling
real-world systems. They provide a
mathematical framework for
understanding the dynamic behavior of
systems and for designing control strategies
to achieve desired system performance.
Despite their simplicity, linear dynamic
systems capture many of the essential
features of more complex, nonlinear
systems, making them a valuable tool in
many fields of engineering and science [3].

Stochastic signals, also known as random
signals, are a fundamental concept in signal
processing, communications, and control
theory [4]-[6]. Unlike deterministic signals,
which can be described precisely by
mathematical equations, stochastic signals
are characterized by randomness and
uncertainty [7]. They can only be described
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statistically, using concepts such as mean,
variance, and probability density function.

| Statistical Properties

deals with stochastic signals. Techniques
used in stochastic signal processing include

> Stationary/Ergodic ‘

Stochastic Signal —— Power Spectral Density }—'} Fourier Transform of Autocorrelation ‘

Stochastic Process Model

A stochastic signal is a function of time that
takes on random values. The randomness
can be due to inherent unpredictability,
measurement noise, or a lack of complete
knowledge about the system. Examples of
stochastic signals include the noise in
electronic circuits, the output of a sensor,
and the fluctuations in financial markets.

Stochastic signals can be classified into
different types based on their statistical
properties. A signal is said to be stationary
if its statistical properties do not change
over time. A signal is said to be ergodic if its
time averages are equal to its ensemble
averages. These properties simplify the
analysis of stochastic signals and are often
assumed in  signal processing and
communications [8], [9].

The power spectral density (PSD) is a key
concept in the analysis of stochastic signals.
The PSD describes how the power of a signal
is distributed over frequency. It is the
Fourier transform of the autocorrelation
function of the signal. The autocorrelation
function describes the correlation of the
signal with itself at different time lags.

Stochastic signals can be processed to
extract useful information, suppress noise,
or achieve other desired objectives. This is
the goal of stochastic signal processing,
which is a branch of signal processing that
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Random Walk/Wiener Process/Poisson Process ‘

filtering, estimation, and detection.

Stochastic signals can also be modeled
using stochastic processes, which are
mathematical models that describe the
evolution of random variables over time.
Examples of stochastic processes include
the random walk, the Wiener process, and
the Poisson process. These models are used
in  many fields, including physics,
economics, and engineering.

In the diagram, the "Stochastic Signal" block
represents the stochastic signal. The
"Statistical Properties" block represents the
statistical properties of the signal, such as
mean and variance. The "Power Spectral
Density" block represents the power
spectral density of the signal, which
describes how the power of the signal is
distributed over frequency. The "Stochastic
Process Model" block represents the
stochastic process model used to model the
signal, such as the random walk, the Wiener
process, or the Poisson process [10].

Linear Dynamic Systems:

These are systems where the output is a
linear function of the input and the current
state of the system. The most common
mathematical models for linear dynamic
systems are:
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Ordinary Differential Equations (ODEs):
Ordinary Differential Equations (ODEs) are a
fundamental tool in mathematics and the
physical sciences. They are used to model a
wide variety of phenomena, from the
motion of celestial bodies to the behavior of
electrical circuits. At their core, ODEs are
equations that involve functions and their
derivatives. They are called "ordinary" to
distinguish them from partial differential
equations, which involve partial derivatives
and are used to model systems with
multiple independent variables [11], [12].

ODEs are particularly useful in modeling
continuous-time systems. In these systems,
the state of the system evolves
continuously over time, and the rate of
change of the system's state is a function of
the current state. This is in contrast to
discrete-time systems, where the state of
the system changes at discrete time
intervals. Continuous-time systems are
common in the physical sciences, where
many phenomena evolve continuously over
time.

The state of a continuous-time system is
typically described by a set of differential
equations. Each equation in the set
describes the rate of change of one
component of the system's state. For
example, in a mechanical system, one
equation might describe the rate of change
of the system's position, while another
might describe the rate of change of its
velocity. The set of equations together form
a system of ODEs that fully describes the
behavior of the system.

One classic example of a system modeled by
an ODE is a simple pendulum. The motion of
the pendulum bob can be described by a
second-order differential equation. This
equation relates the acceleration of the bob
(which is the second derivative of its
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position with respect to time) to its
position. Specifically, the acceleration is
proportional to the sine of the displacement
angle and is directed towards the
equilibrium position. This equation is a
simple harmonic oscillator in the small-
angle approximation, but it becomes a
nonlinear ODE without this approximation.

Solving an ODE involves finding a function
that satisfies the equation. This function
describes the evolution of the system's
state over time. For some ODEs, an
analytical solution can be found using
techniques from calculus. However, many
ODEs do not have a simple analytical
solution and must be solved numerically.
Numerical methods for solving ODEs
involve approximating the solution at
discrete time steps. These methods can be
simple, like Euler's method, or more
complex, like the Runge-Kutta methods.

The study of ODEs is not just about finding
solutions, but also understanding their
properties. For example, a solution to an
ODE might be stable, meaning that small
perturbations to the initial state will not
cause large changes in the long-term
behavior of the system. Alternatively, a
solution might be unstable, meaning that
small perturbations can lead to large
changes. Understanding the stability
properties of solutions to ODEs is crucial in
many applications, from engineering to
economics.

ODEs also play a key role in control theory,
where they are used to model the dynamics
of a system that is being controlled. The
goal in control theory is to find a control
input that causes the system to follow a
desired trajectory. This often involves
solving a system of ODEs that includes both
the dynamics of the system and the control
input.
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Ordinary Differential Equations are a
powerful tool for modeling and
understanding continuous-time systems.
They are used in a wide range of fields, from
physics to engineering to economics, and
their study involves both finding solutions
and understanding their properties.
Whether describing the motion of a
pendulum or the dynamics of a complex
system, ODEs provide a mathematical
framework for understanding how systems
evolve over time [13], [14].

State-Space Models:

State-space models are a powerful and
versatile tool in the field of systems theory.
They provide a mathematical framework for
modeling and analyzing systems that evolve
over time, and are particularly useful for
systems with multiple inputs and outputs.
State-space models are a generalization of
ordinary differential equations (ODEs), and
they can handle complex, multi-
dimensional systems that would be difficult
or impossible to model with ODEs alone.

The concept of state is central to state-
space models. The state of a system at a
given time is a set of variables that fully
describes the system's behavior. For
example, in a mechanical system, the state
might include the positions and velocities of
all the objects in the system. In an electrical
circuit, the state might include the voltages
across and currents through all the
components. The state of a system can
change over time, and the way it changes is
described by a set of first-order differential
equations known as the state equations.

The state equations in a state-space model
describe how the state of the system
evolves over time as a function of the
current state and any inputs to the system.
Each equation in the set is a first-order
differential equation, meaning it involves
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the first derivative of a state variable with
respect to time. This is in contrast to the
second-order differential equations that are
often found in ODE models. The use of first-
order equations makes state-space models
particularly well-suited to systems with
multiple inputs and outputs.

In addition to the state equations, a state-
space model also includes output
equations. These equations describe how
the outputs of the system are related to its
state and inputs. The outputs might be
directly observable quantities, like the
position of a mechanical system or the
voltage across a component in an electrical
circuit [15]. Alternatively, they might be
derived quantities that are of interest for
analysis or control purposes.

State-space models are widely used in
control theory, where they provide a
framework for designing controllers that
can manipulate a system's inputs to achieve
a desired output behavior. The state-space
representation is particularly useful in this
context because it allows for the design of
controllers that can handle multiple inputs
and outputs, and that can take into account
the full state of the system, not just its
outputs.

One of the key advantages of state-space
models is their generality. They can handle
linear and nonlinear systems, time-
invariant and time-varying systems, and
continuous-time and discrete-time systems.
This makes them a powerful tool for
modeling a wide range of physical,
biological, economic, and social systems
[16], [17].

State-space models are a generalization of
ODEs that provide a powerful and flexible
framework for modeling and analyzing
systems with multiple inputs and outputs.
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They are widely used in control theory and
other fields, and their study involves both
finding solutions to the state equations and
understanding the properties of these
solutions. Whether modeling the behavior
of a complex machine or the dynamics of an
economy, state-space models provide a
mathematical language for describing how
systems evolve over time.

Transfer Function Models:

State-space models are a powerful and
versatile tool in the field of systems theory.
They provide a mathematical framework for
modeling and analyzing systems that evolve
over time, and are particularly useful for
systems with multiple inputs and outputs.
State-space models are a generalization of
ordinary differential equations (ODEs), and
they can handle complex, multi-
dimensional systems that would be difficult
or impossible to model with ODEs alone
[18], [19].

The concept of state is central to state-
space models. The state of a system at a
given time is a set of variables that fully
describes the system's behavior [20]. For
example, in a mechanical system, the state
might include the positions and velocities of
all the objects in the system. In an electrical
circuit, the state might include the voltages
across and currents through all the
components. The state of a system can
change over time, and the way it changes is
described by a set of first-order differential
equations known as the state equations
[21], [22].

The state equations in a state-space model
describe how the state of the system
evolves over time as a function of the
current state and any inputs to the system.
Each equation in the set is a first-order
differential equation, meaning it involves
the first derivative of a state variable with
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respect to time. This is in contrast to the
second-order differential equations that are
often found in ODE models. The use of first-
order equations makes state-space models
particularly well-suited to systems with
multiple inputs and outputs.

In addition to the state equations, a state-
space model also includes output
equations. These equations describe how
the outputs of the system are related to its
state and inputs. The outputs might be
directly observable quantities, like the
position of a mechanical system or the
voltage across a component in an electrical
circuit. Alternatively, they might be derived
guantities that are of interest for analysis or
control purposes.

State-space models are widely used in
control theory, where they provide a
framework for designing controllers that
can manipulate a system's inputs to achieve
a desired output behavior. The state-space
representation is particularly useful in this
context because it allows for the design of
controllers that can handle multiple inputs
and outputs, and that can take into account
the full state of the system, not just its
outputs.

One of the key advantages of state-space
models is their generality. They can handle
linear and nonlinear systems, time-
invariant and time-varying systems, and
continuous-time and discrete-time systems.
This makes them a powerful tool for
modeling a wide range of physical,
biological, economic, and social systems.

State-space models are a generalization of
ODEs that provide a powerful and flexible
framework for modeling and analyzing
systems with multiple inputs and outputs.
They are widely used in control theory and
other fields, and their study involves both
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finding solutions to the state equations and
understanding the properties of these
solutions. Whether modeling the behavior
of a complex machine or the dynamics of an
economy, state-space models provide a
mathematical language for describing how
systems evolve over time.

Discrete-Time Models:

Discrete-time models are a fundamental
tool in the analysis and design of systems
that evolve over discrete time intervals.
These models are particularly relevant in
the digital age, where many systems are
sampled and controlled digitally at discrete
time steps. Examples of such systems
include digital signal processors, computer
algorithms, and many other systems that
are implemented on digital computers.

In a discrete-time model, the state of a
system is described at specific points in
time, rather than continuously. These
points in time are typically equally spaced
and are often referred to as time steps. The
state of the system at each time step is
described by a set of variables, similar to
continuous-time models. However, instead
of using differential equations to describe
how the state evolves over time, discrete-
time models use difference equations [23].

Difference equations are the discrete-time
equivalent of differential equations. They
describe the relationship between the state
of a system at one time step and the state
at the next time step. For example, in a
simple discrete-time model of a bank
account, the balance at the next time step
might be equal to the current balance plus
the interest earned minus any withdrawals.
This relationship can be expressed as a
difference equation.

Discrete-time models are particularly useful
in control theory and signal processing. In
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control theory, they allow for the design of
digital controllers that can manipulate the
inputs to a system at discrete time steps to
achieve a desired output behavior. In signal
processing, they provide a framework for
analyzing and manipulating signals that are
sampled at discrete time intervals.

One of the key advantages of discrete-time
models is their compatibility with digital
computers. Because computers operate on
data in a discrete manner, discrete-time
models are often more practical for
implementation on a computer than
continuous-time models. This is particularly
true for systems that involve digital
sampling and control, such as digital signal
processors or computer algorithms [24],
[25].

However, it's important to note that
discrete-time models are an approximation
of the real world, which evolves
continuously. The accuracy of a discrete-
time model depends on the time step size:
smaller time steps generally lead to more
accurate models. However, smaller time
steps also require more computational
resources, leading to a trade-off between
accuracy and computational efficiency [26].

Discrete-time models are a powerful tool
for modeling and analyzing systems that
evolve over discrete time intervals. They
provide a mathematical framework that is
compatible with digital computers and are
widely used in fields such as control theory
and signal processing. Whether modeling a
digital controller or a signal processing
algorithm, discrete-time models provide a
way to understand and manipulate the
behavior of systems at discrete time steps.

Stochastic Signals:
These are signals that are influenced by
random variables. The most common
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mathematical models for stochastic signals
are:

Random Process Models:

Random process models, also known as
stochastic  process models, are a
fundamental tool in the analysis and design
of systems that involve randomness. These
models are used to describe signals or
phenomena that vary randomly over time,
such as noise in communication systems,
stock prices in finance, or the behavior of
subatomic particles in quantum mechanics
[27].

A random process is a collection of random
variables indexed by time. Each random
variable represents the state of the process
at a particular time, and the randomness
implies that this state can take on different
values in different realizations of the
process. Despite this randomness, a
random process is often characterized by
certain statistical properties that remain
constant across realizations [28], [29].

The most basic of these properties are the
mean and variance of the process. The
mean, also known as the expected value, is
the average value that the process takes on
over many realizations. The variance, on the
other hand, measures the spread of the
values around the mean. It quantifies the
degree of variability or uncertainty in the
process.

Another important property of a random
process is its autocorrelation function. The
autocorrelation function measures the
degree of similarity between the values of
the process at different times. It provides
information about the temporal structure
of the process, such as any periodicity or
trend in the data. For stationary random
processes, which are those whose statistical
properties do not change over time, the
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autocorrelation function depends only on
the time difference, or lag, between two
points.

Random process models are widely used in
many fields of science and engineering. In
communication systems, for example, they
are used to model noise and interference,
which are inherently random and can
significantly affect the performance of the
system. In finance, random process models
are used to model the behavior of stock
prices or interest rates, which can fluctuate
unpredictably over time.

Random process models provide a powerful
tool for modeling and analyzing systems
that involve randomness. They allow us to
describe and make predictions about
systems that vary unpredictably over time,
based on their statistical properties.
Whether used in communication systems to
model noise, in finance to model stock
prices, or in many other fields, random
process models provide a mathematical
framework for understanding and dealing
with randomness in systems [30], [31].

Markov Models:

Markov models are a class of mathematical
models that are widely used in various fields
such as physics, chemistry, economics, and
computer science. Named after the Russian
mathematician Andrey Markov, these
models are used to represent systems that
undergo transitions from one state to
another, where the probability of
transitioning to any particular state
depends solely on the current state and not
on the sequence of states that preceded it.
This property is known as the Markov
property or memorylessness.

The states in a Markov model could
represent anything from the physical states
of a molecule in a chemical reaction, to the
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health states of a patient in a medical study,
to the pages visited by a user browsing the
internet. The key defining feature is that the
system's future state depends only on its
current state [32]-[35].

A Markov model is characterized by its state
transition probabilities. These probabilities,
usually represented in a matrix called the
transition matrix, specify the likelihood of
the system transitioning from one state to
another in a single time step. Each entry in
the matrix represents the probability of
transitioning from one specific state to
another. The sum of the probabilities in any
row of the matrix is always 1, reflecting the
certainty that the system will transition to
some state in the next time state.

There are different types of Markov models
depending on the specific characteristics of
the system being modeled [3]. A discrete-
time Markov chain (DTMC) is a model
where the state transitions occur at discrete
time steps. A continuous-time Markov
chain (CTMC) is a model where the state
transitions can occur at any pointin time. A
hidden Markov model (HMM) is a model
where the state of the system is not directly
observable, but can be inferred from
observable outputs that depend on the
state [36], [37].

Markov models have found wide
application due to their simplicity and
versatility. In computer science, they are
used in algorithms for speech recognition,
handwriting recognition, and natural
language processing. In finance, they are
used to model the behavior of stock
markets and other financial systems. In
physics and chemistry, they are used to
model the behavior of physical systems
over time.
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Markov models provide a powerful and
flexible framework for modeling systems
that evolve over time, where the future
state depends only on the current state.
They are characterized by their state
transition probabilities, which capture the
dynamics of the system. Whether used in
computer science, finance, physics, or many
other fields, Markov models provide a
mathematical tool for understanding and
predicting the behavior of a wide range of
systems [38], [39].

Gaussian Process Models:

Gaussian process models are a powerful
tool in the field of machine learning and
statistics, used for regression, classification,
and other tasks. They are a type of random
process, which means they describe a
collection of random variables indexed by
time or space. What sets Gaussian
processes apart is that any finite collection
of these random variables has a
multivariate normal, or  Gaussian,
distribution [40].

The Gaussian distribution, often symbolized
by a bell curve, is a fundamental
distribution in statistics due to its
mathematical properties and its prevalence
in natural phenomena. A Gaussian process
generalizes the Gaussian distribution from a
finite-dimensional setting to an infinite-
dimensional one. In other words, while a
multivariate Gaussian distribution describes
a finite set of random variables, a Gaussian
process describes an infinite set, such as a
function of time or space.

A Gaussian process is fully specified by its
mean function and covariance function. The
mean function gives the expected value of
the process at each point in time or space,
while the covariance function describes
how correlated the values of the process
are at different points. The covariance



Intgrnational Journal of Intelligent Jutomation and Computing

function often depends on a set of
hyperparameters, which can be learned
from data using techniques such as
maximum likelihood estimation.

One of the key advantages of Gaussian
process models is their ability to provide a
measure of uncertainty. When a Gaussian
process is used for regression, for example,
it not only provides a prediction for the
output at a given input, but also a
confidence interval that quantifies the
uncertainty in the prediction. This is in
contrast to many other regression models,
which only provide a point estimate.

Gaussian process models are also
nonparametric, meaning they do not
assume a specific functional form for the
data. This makes them highly flexible and
able to model a wide range of phenomena.
However, this flexibility comes at a
computational cost: Gaussian process
models can be computationally intensive,
especially for large datasets.

Gaussian process models are a type of
random process model that provide a
flexible and powerful tool for modeling
data. They are characterized by their mean
and covariance functions, and they have the
unique property that any finite collection of
random variables has a multivariate normal
distribution. Whether used for regression,
classification, or other tasks, Gaussian
process models provide a way to make
predictions while quantifying uncertainty,
making them a valuable tool in machine
learning and statistics.

Conclusion

In conclusion, this research has provided a
comprehensive study of mathematical
models used to describe linear dynamic
systems and stochastic signals, shedding
light on their applicability, strengths, and
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limitations in different contexts. The
significance of these models lies in their
ability to serve as a structured framework
for  understanding, analyzing, and
predicting the behavior of complex dynamic
systems and stochastic signals across
various disciplines.

In the first part of the paper, we explored
several mathematical models for linear
dynamic systems. Ordinary Differential
Equations (ODEs) serve as fundamental
models that are widely used in describing
continuous-time systems. They have a
strong theoretical foundation and find
extensive applications in physics,
engineering, and other natural sciences.
State-Space Models provide a modern and
elegant representation of dynamic systems,
allowing for a clear separation of system
dynamics and measurement processes.
These models are indispensable in control
theory and estimation problems, providing
a powerful framework for system analysis
and design. Transfer Function Models, on
the other hand, excel in analyzing linear
time-invariant systems in the frequency
domain, making them essential in signal
processing and control engineering. Lastly,
Discrete-Time Models are essential for
systems governed by discrete events, and
they find applications in digital signal
processing and computer simulations.

By delving into each model's applicability,
strengths, and limitations, this research has
offered valuable insights for researchers
and practitioners to choose the most
suitable model for their specific problem
domain. It is crucial to recognize that no
single model is universally superior; instead,
their effectiveness depends on the context
in which they are applied. Moreover,
understanding the relationships between
these models is vital for leveraging their
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combined advantages in addressing
complex real-world scenarios.

The second part of the paper focused on
stochastic signals, which inherently possess
randomness and unpredictability. Random
Process Models provided a theoretical
framework to characterize and analyze
random signals. Markov Models, in
particular, have proven useful in modeling
systems with memoryless properties,
finding applications in speech recognition,
natural language processing, and finance,
among others. Gaussian Process Models
offer a non-parametric approach to
modeling complex stochastic processes,
enabling uncertainty quantification and
regression tasks. Autoregressive Models
(AR) and Moving Average Models (MA) are
widely employed in time series analysis,
with AR models capturing dependencies
between past observations and the current
one, while MA models emphasize the
influence of random shocks. Additionally,
combining AR and MA models into ARMA
and ARIMA enables more flexible and
powerful representations of time series
data.

Through a detailed exploration of these
stochastic signal models, this research has
demonstrated their ability to capture and
represent uncertainty, which is inherent in
many real-world  systems. Accurate
prediction of future states and events is a
critical aspect of various applications,
including weather forecasting, financial
analysis, and healthcare. The insights
provided in this research can help
researchers and practitioners choose
appropriate models for specific signal
processing tasks and understand the
underlying assumptions and implications of
these models. By comprehensively
exploring the various models, their
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applicability, strengths, and limitations, this
paper has laid the groundwork for further
advancements in the field. Researchers and
practitioners can utilize this knowledge to
make informed decisions when selecting
models and tailoring them to suit specific
applications. However, it is essential to
acknowledge that mathematical modeling
is an ever-evolving field, and further
research is required to address several
challenges. For instance, extending these
models to handle nonlinearity and more
complex dynamics is an important avenue
for  future investigation. Moreover,
incorporating uncertainty quantification
methods, such as Bayesian approaches, can
enhance the predictive capabilities of the
models, especially in the context of real-
world noisy data. Mathematical models
play a vital role in advancing our
understanding and control of dynamic
systems and stochastic signals.
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